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XU-QIAN FANi, LUEN-FAI TAM^, AND CHENG JIE YU^ 

Abstract. This is a continuous work about the nonexistence of 
some complete metrics on the product of two manifolds studied by 
Tam-Yu [TT . Motivated by the result of Tossati [T^ . We generalize 
the corresponding results of Tam-Yu to the almost-Hermitian 



1. Introduction 

In [11], Yang proved the nonexistence of complete Kahler metrics 
with holomorphic bisectional curvature bounded between two nega- 
tive constants on the polydisc. Later, Seshadri [5] and Seshadri-Zheng 
[9] extended Yang's result onto the product of two complex manifolds 
of positive dimensions. Indeed, they showed that there is no complete 
Hermitian metrics with holomorphic bisectional curvature bounded be- 
tween two negative constants and bounded torsion on the product of 
two complex manifolds of positive dimensions. In [TT], Tam-Yu relaxed 
the curvature bounds of the result of Seshadri-Zheng [9J to a reason- 
able curvature decay or growth rate in the Kahler category. In [12j, 
Tosatti generalized the result of Seshadri-Zheng [H] onto the product 
two almost complex manifolds. Indeed, Tosatti obtained the following 
result: 

Theorem 1.1 (Tosatti). Let M = X x Y be a product of almost com- 
plex manifolds of positive dimensions. Then, there is no complete al- 
most Hermitian metric on M satisfying the following conditions: 
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(1) The holomorphic bisectional is bounded between two negative 
constants; 

(2) The (2,0) part of the curvature tensor is bounded; 

(3) The torsion is bounded. 

In this paper, motivated by the result of Tosatti, we generahze the re- 
sults of Tam-Yu [Hj onto the product of two almost complex manifolds 
of positive dimensions. The main results we obtain are the follows. 

Theorem 1.2. Let x^™,!^^" be two almost complex manifolds of real 
dimension 2m, 2n respectively, m, n > 1. Then there is no complete 
almost Hermitian metric on M = X x Y satisfying the following: 

(1) second Ricci curvature> —^4(1 + r)^; 

(2) holomorphic bisectional curvature< —B < 0; 

(3) torsion bounded by A{1 + r); 

(4) (2,0) part of the curvature tensor bounded by A{1 + r)^ 

where r{x) = d{x, o) is the distance between x and a fixed point o e M, 
and A, B are two positive constants. 

Theorem 1.3. Let M = x F^" be the product of two almost 

complex manifolds with positive dimension. Then there is no complete 
almost Hermitian metric on M satisfying the following: 

(1) second Ricci curvature > —A{1 + r^y ; 

(2) holomorphic bisectional curvature < —B{1 + r^)~^; 

(3) nonpositive sectional curvature for the Levi-Civita connection; 

(4) torsion is bounded by A{1 + r^)'^/^; 

(5) (2,0) part of the curvature tensor is bounded by A{\ + r^)*^ 

where 7 > 0, 5 > such that 7 + 25 < 1, A, i? are some positive 
constants, and r(x) = d{x,o) is the distance of x and a fixed point 
oeM. 

Clearly, if (M, J, g) is Kahler, then the torsion and (2,0) part of the 
curvature tensor are zero, and second Ricci curvature is just the Ricci 
curvature, so these theorems cover Theorem 1.2 and Theorem 1.3 in 
[TT] respectively. 

The techniques using for proving the main results are mainly the 
same as in Tam-Yu [Hj. However, for the almost Hermitian case, we 
don't have at hand a simple formula similar to the Kahler or Hermitian 
case for computing the curvature tensor, so the computation in [11] 
can not be extended directly to the almost Hermitian case. In this 
paper, we use a general Ricci identity (Lemma 12. 3p to handle this 
difficulty. Generally speaking, this is a Bochner technique on almost 
Hermitian manifolds. Another difference with the complex case is that 
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we don't have holomorphic coordinates in the almost Hermitian case 
so that computations can be performed on the coordinate since the 
complex structure may not be integrable. In this paper, we introduce 
local coordinates that play similar roles of holomorphic coordinates on 
almost complex manifolds so that similar computations as in Kahler 
geometry can also be performed on almost Hermitian manifolds. 

The contents of this paper are arranged as follows. In section 2, we 
recall some preliminary definitions and results about almost Hermitian 
manifolds. In section 3, we give a proof of Theorem 11.21 In section 4, 
we give a proof of Theorem 11.31 

2. Preliminaries on almost Hermitian manifolds 

For convenience, let us recall some notations and basic results about 
almost-Hermitian manifolds, please see e.g. IT3| 112]. 

We say that (M^", J,g) is an almost-Hermitian manifold of real di- 
mension 2n if J is an almost complex structure on M and g is a, 
Riemannian metric which is J invariant. For a point p G M, let 
T^M = TpM O C, and decompose it as T^M = T^M © T^M where 
TpM and T^M are the eigenspaces of J corresponding to the eigenval- 
ues and —y/^-l respectively. 

An affine connection V on TM which is extended linearly to T^M 
is called an almost-Hermitian connection if VJ = Vg = 0. Let r be 
the torsion of the connection V which is defined by 

t{X,Y) = VxY-VyX-[X,Y] 

for X,Y E T^M. One has the following result (see, e.g. [HE]). 

Lemma 2.1. There exists a unique almost-Hermitian connection V on 
(M, J,g) such that the torsion r has vanishing (1, 1) part. 

This connection is called the canonical connection. It is first intro- 
duced by Ehresmann and Libermann in [3], and if J is integrable it 
is the connection defined in [2] by Chern. In this work, we always 
denote the canonical connection by V and the Levi-Civita connection 
by D. For the difference between the canonical connection and the 
Levi-Civita connection, we have the following conclusion, see [1]. 

Lemma 2.2. On an almost Hermitian manifold (M, J,g): 

{DyX - VyX, Z) = ^ [(r(X, Y),Z) + (r(y, Z),X)- (r(Z, X), Y)] 
Proof. Note that 

(2.1) {DxY, Z) + {DxZ, Y) = X(r, Z) = {V xY, Z) + (Vx^, Y) 
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Hence 

(2.2) {DxY, Z) + {DzX, Y) = {V xY, Z) + (V^X, Y) - {r{Z, X), Y) 
Similarly, we have 

(2.3) {DzX, Y) + {DyZ, X) = {VzX, Y) + (VyZ, X) - {r{Y, Z),X) 
and 

(2.4) {DyZ, X) + {DxY, Z) = {VyZ, X) + (Vx^, Z) - (r(X, Y), Z) 

Adding (12121) and ([231), and subtracting flO) . we get 
(2.5) 

(DxF - VxF, Z) = ^((r(r, X), Z) + (r(X, Z), F) - (r(Z, F), X)). 

This completes the proof. □ 

In local frame e^, 1 < a < 2n, we have 

Corollary 2.1. {Yab - Kb)9ec = ^T^bdec + r^cdea - T^a9eb) whcrc Yab 's 
are the Christofel symbol of the Riemannian connection and 

Corollary 2.2. Let f he a smooth function on M, then 
(2.6) 

vV(x,F)-DV(x,r) = i[(r(x,r), v/)+(r(r, v/),x)-(r(v/,x),r)] 

In local frame Ca, 

(2.7) fab - f-ab = -ji'Tabfc + T^c9'"^fdgea " ^caO"'^ fdgeb) 

where " means taking covariant derivatives with respect to the Levi- 
Civita connection. 

If {ci, ■ ■ ■ , e„} is a local frames of T'M , then 

(2.8) - = l(rf,/VA^7.J + ry^'f,9fk)- 
In particular, fab - fba = r^bfc and ffj = fji. 

The last assertion follows from the fact that the (1,1) part of r is 
zero. 

Taking trace of the above gives us, see [12]. 

Corollary 2.3. A/ - A^f = r^i^g^^f^, where Af = g^^V^fica, Cb) and 
A^f = g°-^D'^f{ea,eb) is the Laplacian with respect to the Levi-Civita 
connection. 
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In general, let M be a manifold with connection V, and E he a 
vector bundle over M with connection D. Let s be a section of E. 
Then Ds is a section of TM ® E. To compute more derivatives, we 
need the connection V on M. Let r be the torsion of V. Then, we 
have following Ricci identity. 

Lemma 2.3. D^s{X, Y) - D^s{Y, X) = -R{X, Y)s + D^^x,y)S 
Proof. 

D^s{X,Y) - D^s{Y,X) 
= {DyDs){X)-{DxDs){Y) 
(2.9) =DyDxs - Ds{VyX) - DxDys + Ds{VxY) 

=DyDxs - DxDys - D[Y,x]S + Ds{r{X, Y)) 

= -R{X,Y)s + DriX,Y)S 

□ 

Now let us recall some definitions about the curvature. At a point 
p, choose a local unitary frame {ei,--- ,e„} for Tp{M), and denote 
{6^, ■ ■ ■ , as a dual coframe. Denote 

RiX,Y)Z = VxVyZ- VyVx^-V[x,y]^, Riec,en)eA = RfcD^^E 

and Rabcd = R{eA,eB,ec,eD) = {R{ec,eD)eA,eB) = Racd9eb- 
Here A,B,C,D can be taken 1, 1, ■ ■ ■ ,n,n. Define the second Ricci 
curvature as R'^j = R^ -j, the holomorphic hisectional curvature in the 
directions X and Y as 

_ R{X,X,YJ) 
^ ' ^ - ||X||2||y||2 ' 

and the (2, 0) part of the curvature as Rj\iO^ A 0'' . 

Similar to [12j, we say that the holomorphic bisectional curvature is 
bounded from above by K if 

B{X,Y) < K 

for all X, y G T'M. The second Ricci curvature is bounded from 
below by —Ai if 

R!f^jX^X'^> -Ai\\Xf 
for all X e T'M. The torsion is bounded by > if 

|r(X,y)| < A2IIXIIIIFII 

for all X, y G T'M. The (2, 0) part of the curvature is bounded by 
A3 > if _ 

|/?(x,r,F,x)| < Aaiixf ||rf 
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for all X, r e T'M. 



3. Proof of Theorem 11.21 

We will prove Theorem 11.21 by contradiction as in [11] . Suppose 
M = X^" X y^"* is a product of two almost complex manifolds of 
positive dimensions satisfying the conditions in Theorem 11.21 Fix a 
point q eY, we will show that the volume growth of X x {q} has some 
upper estimate. On the other hand we show that this upper estimate 
is not possible because of the following maximum principle which is 
similar to Theorem 1.1 in |1U] . 

Lemma 3.1. Let {M,g) be a complete non-compact Riemannian man- 
ifold, r(x) be the distance function from a fixed point o E M. Let u be 
a smooth function on M satisfying the inequality 

(3.1) /\^u>CiU^-C2{l + r)\yu\ 

on {m > 5} 7^ for some Ci,C2,S > 0, where is the Laplace 
operator with respect to the Levi-Civita connection, then 

(3.2) liminfi^i^ = +oo 

where Vo{t) is the volume of the geodesic ball of radius t centered at the 
point a G M . 

Proof. We will adapt the proof of Theorem 2.1 in [10]. For simplicity, 
in the proof of this lemma, we write A instead of A^. Firstly, we 
may assume that sup^jM = +oo satisfying the differential inequality 
(13. ip with a different Ci. Otherwise, suppose that sup^y^w = u* . By 
differential inequality (13. ip satisfied by m, u* can not be attained. Let 
V = — , we have 

A^; = + > - C2il + P)| V^l 

(m* — u)^ [u* — u)-* 

on {v > l/{u* — 6)} = {u > 6}. Now supj^/W = oo, for any number 
Q > 6, we can assume that {u > Q} is not empty. Replace u by u/Q, 
we know that 

Am > CiQu^ - C2{1 + p)\Vu\ 

on {m > 1}. So we conclude that, for any constant (3 > Ci6, there is a 
smooth function m on M such that 

(3.3) Au > iSu"^ ~ C2{1 + r)\Vu\ 

on the nonempty set M* = {u > 1}. We will choose f3 to be large 
enough later. Note that C2 is independent of f3. 
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The same as , let < a < 1 be a smooth function on M such that 
a = Oont<l, (j = lont>2 and a > for t > 1, cr' > 0. Let 

X{t) = I cr{s)ds. 

J — oo 

Then 

' A(t) = if t < 1 

A(t) > 0,A'(t) > 0,A"(t) > ift>l 
A'(t) = 1 if t > 2. 

For p > 0, let a; be a Lipschitz continuous on M such that 

< w < 1, \Vuj\ < 1/p 
Supp(a;) C Ki2p) 
w = 1 on Bo{p). 

For any positive constants p, q, e, by (13. 3p . we have 

(3.4) 

div(a;2^VA(MP)) 

= (Vw2^ VA(mP)) + cu^^AXiuP) 
=2qpX'u^'-\^-\Vuj,Vu) 

+ tu^''[X"{puP-'f\Vu\^+pX\p - l)uP-^\Vu\^ + X'pu^-^Au] 



>pX' 



e 

2 



--pX' 



(/3 - +{p-l- Cl{\ + pf - e) u;2%p-2|Vm|2 - 



in Bo{2p), provided u > 1. Since A' = if t < 1 and a; has support in 
Bo{2p), the above inequality is true in M. 
Choosing p = p{p) such that 

(3.5) p-l = 2Cl{l + p)^ e = ^,g = p+l 

Since u has compact support, assume further that /3 > 1 



A' < / A'(/3 - 1)mP+^ 

Bo{p) Jbo(p) 

< I X'{l3-l)uj^''vP+^ 

JBo{2p) 
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On the other hand, let g = p + 1, by (13.41) 

/ A'w =(/3 - 1) / AV(''+^)nP+^ 

JBo{2p) JBo{2p) 



P - 1 JBo{2p) 



,2(p+l 

Hence 



,2 ' - ^ ^ 



(P - 1)P^ VJbo(2p) / Vii?o(2p) 



A-<l V.2(P+1)', 



v(/3- 1)PV (P- 1)P- JiJo(2p) 

By the definition of p = p(p), choose /3 such that /3 — 1 > 16(C| + 1)^. 
There is po such that if p > po, 

2{j)+lf 1 

Hence for p > po, 

X'{u^(p)) <(-Y [ X'iu^^P^) < [ A'K^'^)). 

Bo{p) V2/ Jbo{2p) Jbo{2p) 

for some A; which is independent of p. Here we have used the fact that 
A' is nondecreasing, p{2p) > p{p) and A' = if n < 1. Let 

Fip) = [ A'K(^)). 

JBo{p) 

We have 



By iterating, we have 



Fip) <[-] F{2p). 



CsP^ / 1 \ C3P^ 



FiPo) < j Fip) < Qj K(P) 

for some C3 > 0, for p > 0, because A' < 1. Since {u > 1} is nonempty, 
if Po is chosen large enough, F(po) > 0. From this it is easy to see that 
the lemma is true. □ 

To estimate the volume growth, we will use the following result due 
to Tosatti [ni Theorem 4.2]: 
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Lemma 3.2 (Tossati). Suppose (M™, J, g) is a complete almost-Hermitian 
manifolds with real dimension m, Bo{R) is a geodesic ball centered at 
a & M of radius R. If the second Ricci curvature of Bo{R) is bounded 
from below by —Ki, the torsion bounded by A2 and (2, 0) part of the cur- 
vature bounded by A3 on Bo{R) for some positive constants Ai,A2,K, 
then 

TTl 

(3.6) Ar<— + c 

r 

where r is the distance function from o, A is the Laplace operator with 
respect to the canonical connection, c = cia, a = {A2 + \^Ki + y/A^), 
and C\ is a positive constant depending on m. 

From this, one has 

Corollary 3.1. Under the same notations and assumptions as in Lemma 
\3.^ we have for any fixed < tQ < R, 

Voit) < Voito) ( - j e^"* forR>t> to, 
where C is a constant depending only on m. In particular, 



m+l 



CaR 



VoiR) < Voito) e 

Proof. By Corollary 12.31 or Lemma 3.2 in [12], and by Lemma [3.2[ we 
have 

^ ITT' 

Ar < he 

r 

where c is the constant in Lemma 13. 2[ So 

A^r < - + Ca 
r 

where C is a positive constant depending only on m. Multiplying r to 
the both sides of inequality above, we have 

rA^r < m + rCa. 



So 

Hence 
That is 



/ rA^r < (m + rCa) . 

tAo{t) < (m + 1 + Cat) Vo{t). 
(In Vo{t))' <t-^{m + l + Cat) . 
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Integrating both sides from to to r, we have 




.Cat 



This completes the proof of the lemma. 



□ 



Similar to Lemma 2.1 in pjj, we have 

Lemma 3.3. Suppose (M™, J, g) and {N^, J, h) are two complete almost- 
Hermitian manifolds. Let f be a non-constant almost- complex map 
from M to N. Let a & M and let R > 0. If the second Ricci cur- 
vature of Bo{2R) is bounded from below by —Ki, the torsion bounded 
by Ai and (2,0) part of the curvature bounded by A-i, on BJ(1R), and 
the bisectional curvature in f{Bo{2R)) is bounded above by —K2, where 
A2,A^,Ki^ K2 are positive constants, then on Bo{R), 



where C is a constant depending only on m and c is the same as in 



Proof. Let u = tig{f*h). Since the second Ricci curvature of Bo(2R) is 
bounded from below by —Ki and the bisectional curvature in f{Bo{2R)) 
is bounded above by —K2, by the result of [121 page 1081], one has 



on Bo{2R), where A denotes the Laplacian with respect to the canon- 
ical connection on M. 

Similar to the proof of Lemma 2.1 in [11]. Let > be a smooth 
function on M such that (1) ri{t) = 1 for t < 1, (2) r]{t) = for t > 2, 
(3) -C3 < 7]'/?]^/^ < for all t e M, and (4) |r/"(t)| < C3 for alH G M 
for some absolute constant C3 > 0. Let = ri{r/R), where r is the 
distance function from 0. 

Suppose (pu attains maximum at x G Bo{2R), then > 0. Using 
an argument of Calabi as in [1], we may assume that (pu is smooth at 
X. Then we have (1) V(0m)(x) = which implies that at x, Vu = 



f*h< 



2Ki + CR^\l + cR) 
2K2 
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(13:61). 



(3.7) 



Am > 2K2U^ - 2Kiu 
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— M0~^V0, (2) A(0m)(x) < 0. Using Corollary 12.31 at x, we have 

> A{(f)u) 
(3.8) 

= (f)Au + uA(j) + 2(V0, Vm) 

= (pAu + u{ri"R-^ + ri'R-^Ar) + 2(V0, Vm) 

= (pAu - 2uR-^^^ + u(r]"R-^ + rj'R'^Ar) 

T] 

> (pAu - 2CluR-^ + u{ri"R'^ + rj'R-^Ar) 

> 0(2^2^^ - 2Kiu) - 2CluR-^ - CsuR-^ + ur]'R-^Ar{hY§: 

So 

2^K2U^ < 2Ki(pu + 2C^uR'^ + CsuR^^ - wq'R-^Ar. 



By Lemma [3. 2 [ we have 
where c is the same as in (13. 6p . So we can get 



m 

Ar < he 

r 



2K2<pu' < 2Ki(Pu + 2CiuR-' + C3UR-' + C^R-'u [^ + c 

(3.9) < u[2Ki + R''^{2Cl + Q + C^m + Qci?)]. 
Hence 

(3.10) sup u < sup ((^m) < — 

Bo{R) Bo{2R) 2A2 

where C is a constant depending on m and Ci, and c is the same as in 
(13.61) . Therefore the lemma holds. □ 

We have the following volume growth estimate of geodesic ball on 
the submanifold X. 

Lemma 3.4. Let M,X,Y as in Theorem \l.Si Suppose there is a com- 
plete almost Hermitian metric on X xY satisfying the assumptions in 
the theorem, that is: 

(1) second Ricci curvature> —A{1 + r)^ 

(2) holomorphic bisectional curvature< —B < 

(3) torsion hounded by A{1 + r) 

(4) (2,0) part of the curvature tensor hounded hy A{\ + r)^ 

for some positive constants A, B, where r{x) = d{x, 0) is the distance 
of X and a fixed point a = {p,q) G X xY . Let Vp (t) he the volume of 
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the geodesic ball of radius t with center at p with respect to the induced 
metric g'^ on Xg = X x {q}. Then 



for some positive constant C4 independent oft. 

Proof. The proof is similar to the proof of Lemma 2.2 in [11] . By [6] , the 
bisectional curvature of the canonical connection of an almost complex 
submanifold is not bigger than the one of the ambient space. So for 
any point yo € Y, then the bisectional curvature of Xyg is also bounded 
from above by —B. The same holds for Y^^ where Y^^ = {xq} x Y. By 
Lemma 1X51 there is a constant C5 independent of Xo,yo such that 



for (x, y) G M, where vr^^ is the projection from M onto Xy^ defined 
by Tiygix, y) = {x, yo), vr"^ is the projection from M onto Y^^ defined by 
Ti'J.^{x,y) = {xo,y), g^°,gy° are the induced metrics on Y^f^, respec- 
tively. By Corollary 13. H we have Vo{2R) < exp(C(l + -R)^) for some 
constant C. In the rest of the proof, we can follow the corresponding 
argument of the proof of Lemma 2.2 in [TTj to get the conclusion of 
this lemma. □ 

Next we want to find a function on Xg satisfying the differential 
inequality in Lemma 13.11 For convenience, we will introduce a special 
coordinate near a point on almost complex manifold. 

Definition 3.1. Let (M^™, J) be an almost complex manifold. Let 
p G M, U be an open neighborhood of p. Let (p : U ^ Q G be a 
diffeomorphism. Then, {U, (p) is called a complex coordinate. 

Let (j) = {z^, z^, - ■ ■ , z"^) be a complex coordinate, and suppose that 
= X* + \/^y\ Then {x^,y^, ■ ■ ■ ,x"^,y"^) is a local coordinate. As 
usual, we define 



Vp'it) < C4exp(C4t') 



iKoYig'^.^y) <C5{l + r{x,yyf g\(^,,y^ and 
KXig'nii.^y) <CUi + r{x,y)f g\^,,y) 



(3.11) 



d_ 




and 



(3.12) 




as vectors in TM ® C. 
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Definition 3.2. Let (Af, J) be an almost complex manifold. Let {z^, z"^, ■ 
be a complex coordinate at p. It is called almost holomorphic at p if 

(3.13) J(-^Kp) = V^l-W 

for all i = 1,2, ■■ ■ ,m. 

Lemma 3.5. Let (M, J) be an almost complex manifold. Then for 
any p G M , there is a local complex coordinate {z^, z"^, - ■ ■ , z^) that is 
almost holomorphic at p such that 

(3.14) d,J^{p) = diJ^ip) = d^jfip) = 
where 

Proof. Let {z^, ,■ ■ ■ , 2;") be a local complex coordinate that is almost 
holomorphic at p. Suppose that 

Then 

(3.17) Jl{p) = V^6^j and jj{p) = 
By that = —id, we know that 

(3.18) JlJ^ + JlJl = -5,k. 
Taking partial differentiations of (13.181) . we know that 

(3.19) a,jf(p) = 9jjf(p)=0 

for alH, j, /c = 1, 2, ■ ■ ■ , m. 

Let {w^ , w"^, - ■ ■ , w^) be a coordinate change of (z\ 2;^, ■ ■ ■ , z") such 
that 

(3.20) — (0)=5.,and— (0) = 0. 
Suppose that 

(3-21) Airi) = J'^ + J'— 



By a straight forward computation, we have 

dz^ ^udw^ dz^ ^i.dw^ dz^ ^zdw'- dz^ ^zdw'- 



dw"^ ■' dz^ dw^ ^ dz'^ dw'^ dz'' dw^ ^ dz^ 
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Then, by using f l3.19p and f l3.20p . we have 



dw 

(3.23) =V^^A - V^^A + ^(/) 

So, if we choose {w^^ ti?^, • • • , w^) such that 

(^2} 1 f) - 

and fl3.2ip are both true. Then 

(3-25) ^Jlip) = 

and {w^, w^, ■ ■ ■ , w"^) is a complex coordinate that is almost holomor- 
phic at p. This completes the proof. □ 

Definition 3.3. We call the local coordinate in the last lemma an holo- 
morphic coordinate at p. 

Corollary 3.2. Let M = X x Y be a product of two almost complex 
manifolds. Let {z'^, z"^, - ■ ■ , z^) be a local holomorphic coordinate for X 
at X and {10^,10"^, ■ ■ ■ be a local holomorphic coordinate for Y at 
y. Then {z^, z"^, - ■ ■ , z'', w^, ■ ■ ■ , w'') is a local holomorphic coordinate 
atp= {x,y). 

Proof. Let Jx and Jy be the almost complex structures on X and Y 
respectively. Since the almost complex structure on M = X x F is a 
product of Jx and Jy, we have 

(3.26) + 

and 

(3-27) J(i) = Jy(i) = Wiiw)^ + (Jy)jH ^ 



Then the conclusion comes directly by a simple computation. □ 

For almost- Hermit ian manifold with canonical connection, we have 

Lemma 3.6. Let (M^", J, g) be an almost Hermitian complex manifold 
and V be the canonical connection. Then, for each point p & M and 
any holomorphic coordinate [z^, z^, - ' ' ? ^"') '^^^ P> '^^ have 

(3.28) ^aIjW^"- 
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Proof. Since V J = 0, 
(3.29) 

' (^J^liw) 

d - d 

—J^V_a_—rip) + JfV_d_ — f(p), (by the definition of holomorphic coordinates) 

because Jf = J/ = at p. Hence V_8_^(p) is a (1,0) vector. 

Similarly, we can show that V_8_^(p) is a (0,1) vector. On the other 
hand, 

(3.30) V a ^(p) - V a ^(p) = r f ^(p), ^(p)^ = 0. 
Hence the conclusion follows. 

□ 

Prom the lemma, one can get the following. 

Corollary 3.3. Let {z^,z'^,--- ,z") be a holomorphic coordinate at p 
on an almost Hermitian manifold {M^^\ J,g), then 

(3.31) Ufj{p) = didju{p) 

where Ufj — W^u{di, dj) is the complex Hessian with respect to the 
canonical connection. 

We also need the following facts on submanifolds. Let (M, J, g) be an 
almost Hermitian manifold and V the canonical connection, and r be 
the torsion of V. Let be a submanifold of M. Define the connection 
on N 

(3.32) VxY = (VxYy 

We will also need the following result about the torsion of submanifold. 

Lemma 3.7. (a) V is the canonical connection of the induced al- 
most Hermitian manifold {N, J, g) with torsion 

(3.33) T{X,Y)^f{X,Yy 
for any X,Y e TN. 
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(b) h{X,Y) = h{Y,X) = for X,Y e T'{N), where h{U,V) = 

(c) Let f he a smooth function on M , then 

V'f{X,Y)=V'f{X,Y) 
for X,Y e T'{N). 

Proof, (a) By the definitions of the torsion and the connection V, for 
U,V e T^N, we have 

t{U, V) = VuV - VvU - [U, V] 

= {VuVy -{VvUy -[U,V] 

= mvy. 

Clearly V is also a canonical connection on A^. 

(b) Noting that JW G T'^N for W G T'^N, we can get 

(3.34) h{U,JV) = J{h{U,V)) 
for U,V e T^N. Since r(X, Y) = 0, we have 

h{Y,X) - h{X,Y) = (VxF)^ - (VyX)^ 
= (VxY-VyXy 
= ([X,F]+r(X,F))^ = 0. 

So 

(3.35) h{X,Y) = h{Y,X). 

Let {ei, ■ ■ ■ , Cn} be a unitary frame on T'N where n is the complex 
dimension of A^, by (13.341) . we can get 

(/i(ei,ej),efc) = {Jh{ei, ej), Jej.) 

(3.36) = {h{ei,Jej),Je-k) 

= -(/i(ei,ej),efc) 

and by (IX^ . 
(3.37) 



{h{ei,e-j),ek) = (/i(ej, e^), e^) 

= {Jh{ej,ei), Jcfc) 



= (/t(ej, Jci), Jck) 
= -{h{ei,ej),ek), 
so {h{ei, Cj), Cfc) = = {h{ei, ej), Ck), here j, k E {I, ■ ■ ■ , n}. Hence 



(3.38) 



h{X,Y) = h{Y,X) = 
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for any X, F G T'N. 
(c) 

(3.39) =YXU) - VyX(/) = YXU) - [VyX + h{Y , X)](/) 
=(VV)(X,F). 

Therefore the lemma is true. □ 

Now we are ready to prove Theorem II. 2[ 

Proof of Theorem We proceed by contradiction. Let g he a com- 
plete almost Hermitian metric on X^™ x Y'^"' satisfying the assumptions, 
V be the canonical connection. 

Denote the fixed point o as {p, q) E X x Y. Consider the inclusion 
map: i : Xg --^ X x Y defined by i{x) = (x, g), and pull back the 
tangent bundle T(X x Y) hj i on Xg. Let u G T^^iY), we can get a 
section V of i*T{X x Y) on Xg such that V{x) = u for all x G Xg. For 
simplicity, let {ei, ■ ■ ■ , e^, Cm+i, ■ ■ ■ , Cm+n} be a unitary frame on T'M 
such that {ei, ■ ■ ■ , Cm} is a frame on T'Xg. In the rest of this proof, we 
will take a G {1, ■ ■ ■ , m} and z, j G {1, ■ ■ ■ , m + n}. Since m is a (1, 0) 
vector, we can write V = V^Ci. By the Ricci identity (Lemma 12.31) . see 
also e.g. [12, page 1075] and Lemma 3.1 therein, we have 

=v'V\^ + v'^jr^ - V%j^^v^ + v\V'^ + v\V\ 



(3.40) 



>mB 

where we have used Corollary 13. 21 which implies that V^^ = and hence 
V'- = 0. 

Moreover, by Corollary 12.31 (See also Lemma 3.2 in [12]), and the 
assumption of the torsion, we have 

(3.41) A^JI^f > 2mB\\Vf - C(m, A)(l + p)||V||Vf ||, 

here p is the distance function from p on Xg. Similar to the proof (2.8) 
in [TT] using the Schwartz lemma (Lemma 13. 3p . one can get that 
is a positive bounded function. By Lemma 13.11 and Lemma \'3A\ we 
have a contradiction because |V^| > 0. □ 
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4. Proof of Theorem 11.31 

We need a lemma similar to Lemma 3.1 in [llj. Since M may not 
be Kahler, we need Corollary 13 . 3 1 and Lemma [3.71 in our computations. 

Lemma 4.1. Let M = X^™ x F^" be the product of two almost com- 
plex manifolds with positive dimensions. Assume that M is simply 
connected. Suppose there is a complete Hermitian metric g on M sat- 
isfying the assumptions in Theorem \1.3\ that is: 

(1) the second Ricci curvature > —A{1 + r'^y ; 

(2) the holomorphic bisectional curvature < —B{1 + r^)^'^; 

(3) sectional curvature for the Levi-Civita connection is nonposi- 
tive; 

(4) torsion is hounded by A(l + r'^'yl'^- 

(5) (2,0) part of the curvature tensor is bounded by A{1 + r^)"^; 

where 7 > 0, 5 > such that j -\- 26 < 1, A, B are some positive 
constants, and r(x, y) = d{o, (x, y)) is the distance of {x,y) ^ X xY = 
M from a fixed point & M. Then there is a positive constant C 
depending only on m, n, 7, 6, A and B, such that 

(4.1) 5f|(^o,j,)(M,M) < C{1 + r'^{x,y)y'{l + r'^{xQ,y)Yg\{^^^y){u,u) 
for any Xq,x & X , y and u G Ty{Y). 

Proof. Let tt : X x F — )• {xq} x F = Y^^ be the natural projection. We 
only need to prove that 

(4.2) u{x, y) < C{1 + r\x, y^il + r\x,, y))' 

where u{x,y) is the energy density of vr. 

By equation (5.9) in [12], the assumptions (1) and (2), and the fact 
that the bisectional curvature of the canonical connection of an almost 
complex submanifold is not bigger than the one of the ambient space 
|6], we have at {x,y) G M, 

(4.3) Am > -2A{1 + r^{x, y)yu + 2S(1 + r'^{xQ, y))-^u^. 

Let {x,y) G M. T[^^y^{M) = T^{M)®^{M), by Lemma[3l]we can 
choose a holomorphic coordinate {z^, z"^, - ■ ■ , 2;™) of X at a; and a holo- 
morphic coordinate (z™"^^, ■ ■■ , z™+") of Y at y. Then, by Corollary 
13. 2[ (z^, . . . ,2;™"'"") is a holomorphic coordinate at {x,y) in M. Note 
that 

(4.4) u{x, y) = ga^ixo, ?/)/"(a;, y) 

where a, (3 e {m + 1, ■ ■ ■ ,m + n}. Let f{y) = r(xo, y), y & Y^^. By 
abusing notations, we also denote the function / o vr on M be /. Since 
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(4.5) 



M is simply connected with nonpositive Riemannian curvature, is 
a smooth function. Then 

\Vf\\x,y) <e{^)\VyJ\\y) 

<u{x,y). 

Near x, choose a frame {ei,--- ,6^} on T'{X) with dual co-frame 
ui, . . . , Um, and near y choose a frame {cm+i, ■ ■ ■ , ^m+n} on T'{Y) with 
the dual co-frame {uj'^^^, ■ ■ ■ , w'""''"} satisfying that at y, (w", = 
5q,/3. Then ci, . . . , Cm+n is a frame near (x, y) with coframe cu^, . . . , a;"^+". 
Moreover, at {x,y), ei, . . . , Cm are linear combinations of . . . , 
and Cm+i, • • • , 6^+^ are hnear combinations of ^^I+t, • • • , g^£+n • With- 
out loss of generality we may assume that = ^ for all a at the 
point (x, y). 

By Corollary l3.3[ the fact that is independence of x, and Corollary 
12.21 we have 

=2g'''{x,y)dad-J%,y) 
=2g~P^{x,y)d^dpfX,y) 

=2/"(x,i/)aV)l(^o,?/) 
=2/"(a;,y)(r2)^„^-(a;o,2/) 



(4.6) 



+ 2/"(x,y) 



1 



=2/-(x,y)(r2)^„^(xo,2/) 

+ /"(^,y)[r^*/Ws(r') + 4/W.(r')]|(.o,.) 

where (r^).„^ means the Hessian of r'^{x,y) with respect to the Rie- 
mannian connection, a,b,h,k,t G {1, ■ ■ ■ ,m + n}. First of all, we want 
to show that 

(4.7) 2g~^^{x,y){r').^^^{xo,y) < u{x,y){A^^r'){xo,y). 

Note that, by our choices of frames. 



(4.^ 



2g^''{x,y){r').^^^{xo,y) 



2(r' 



i{xo,y). 



By the assumption (3), the sectional curvature for the Levi-Civita con- 
nection is nonpositive, we know {r'^)-ab{^Oyy) is positive definite, please 

5 



see [5], then for any fixed a G {1, ■ ■ ■ , m}, 

2(L'V^)|(^o,y)(ec,,eci) < 2trace((L'V^)|(^„,j^))5((ec„es)|(xo,y) 
= gaa{xo,y){AMr^){xo,y). 



(4.9) 
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Combining f l4.8p and f l4.9p . we can get (14. 7p . By Lemma 3.2 in [12] and 
Lemma 13.21 in this paper, under the assumptions of the curvature and 
the torsion, we can get 

(4.10) {Aijr'){xo,y)<C{m,n,A){l + r\xo,y)y-^. 

Here A is the same one as in the assumptions. Submitting this to (14. 7p . 

we can get 

(4.11) 2g~^''{x,y){r^).^^^{xo,y)<C{m,n,A)u{x,y){l + r\xo,y))'i^. 

Now we want to estimate the second term in the last equahty of 
(USD- Denoting Q^^ = [T^t9'''9b0d-k{r^) + T^t9'^g^-Mr^)]\^^^^y), it is 

a 2-tensor on Ty^''^^Y. Choose a unitary basis {sm+i, ■ ■ ■ ,Sm+n} on 
Ty^'^^Y, and extents it to {si, ■ ■ ■ , Sm, Sm+i, ■ ■ ■ , Sm+n} as a unitary 
basis on Tj^^'^^-^X x Y. Taking a vector W = W^Sa G Ty^'^^Y, we have 

IW'Qa^W^l = \{T{W,St),s;){s,,WMr')\\^,,,y^ 
<\{T{W,St),WMr%,,,yj 

<2nAil + r'ixo,y))'^\\W\\l^^^^^. 

Here we have used the assumption (4) about the restriction on the 
torsion with respect to the canonical connection. So we get 

Qa^ < 2nA{l + r^(xo, y))^9a^ixo, y). 

Hence 

/"(a:,l/)Qa,5 < 2nA{l + r\xo,y)y-^g~^''{x,y)g^^{xo,y) 

= 2nAu{x, y){l + r^(xo, y))^. 
Combing this with (14. 6 P (14. lip , we have 

(4.12) Af\^,^y)<Ceu{x,y){l + r\xo,y))'^ 

for some constant Cq depends on A, m, n. 
Let 

(4.13) w{x,y) =u{x,y){Co + r\xo,y))-^ 

where Cq > 1 is a constant to be determined. Noting that < 5 < |, 
setting v{x,y) = r'^{xo,y), by (3.5) in [TT] or Corollary 12.31 we have 

Aw ={Co + v)-^Au - 26{Co + vy^-^{Vu, Vv) 

- uS{Co + v)-^-^Av + u6{6 + l){Co + v)-^-^\\Vvf 

>{Co + vy^Au - u6{Co + v)-^-^Av - 26{Co + v)-^{Vw, Vv) 

>{Co + v)-^Au - u6{Co + v)-'^-^Av - 26{Co + v)-^\\Vw\\ ■ \\Vv\\. 
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Since Cq > 1, submitting the estimations of fl4.3p f l4.5p and ( I4.12p to 
this inequahty, we can get 

Aw{x, y) 

> - 2A{1 + r^{x, y)yw{x, y) + 25(1 + vY^Cq + t;) V(x, y) 

- 4(5| Vw| (x, y)w^ (x, y) - Cq5{Cq + vY^^'^l + v)^w'^{x, y) 

> _ 2A{1 + r\x, yWw{x, y) + (25 - C,5{Co + vY'-^^^x, y) 

— A6\Vw\{x, y)w^ (x, y). 

Since 7+25 < 1, we can choose Co large enough depending on Ce, 5, 7, B 
such that 

(4.14) Au; > Bw"^ - 2A(1 + r'^Yw - 45||Vu;||wi 

So, a similar cut-off argument in the proof of Lemma 13.31 will imply 
that 

(4.15) w<C^{l + r'^y 

where C-j is positive constant depending on A, B, m, n, 6. □ 

Proof of Theorem First of all, we may assume M is simply con- 
nected because the distance function in the universal cover of M is no 
less than the distance function of M. Suppose there is a complete met- 
ric g on M satisfying the assumptions of the theorem. Let us choose 
the section V as in the proof of Theorem ll.2[ and set /(x) = 
By assumption (2) and the result of [B], the holomorphic bisectional 
curvature of Xq at x is also less than or equal to —B{1 + r^{x,q))~^. 
By (KAO\f . we have 

(4.16) Ax,/(x) > 2mS(l + r\x, q))-'f{x). 
By Lemma 14.11 we can get 

(4.17) < /(x) < C(l + r^(x,g))'^. 
Now we want to show that 

(4.18) Ax,r2(x, q) < Cs{l + r\x, g))^ 

for some positive constant Cg independent of x. For any fixed point 
X G Xq, choose an holomorphic coordinate (z^,--- ,2;"*) of Xq at x 
such that the induced metric g'^ on Xq satisfies fi'^^(a;) = 5q-^, here 
G {1, ■ ■ ■ ,Tn}. Setting (f{x,y) = r^(x,g), from Lemma [3?71 and 
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Corollary \2.3\ we can get 

m 

(4.19) 
Clearly 

(4.20) Kpd^i^) + r^M^)\ < Cil + y.)^ 

for some constant C independent of x. Noting that the sectional cur- 
vature for the Levi-Civita connection is nonpositive, by [5], we can 
get 

m 
a=l 

By f l4.10p . at (x, q) we have ^m'^ < C(1 + V^)~ for some constant C 
independent of x. Combining this with fl4.19p and fl4.20p . we can get 

dug). 

Let h{x) = log/(x) — 251og(C9 + r^{x,q)) where Cg > 1 is some 
constant. Follow the proof of (3.10) in [H], from f HTTj) fli?T8|) and 
the assumption 7 + 25 < 1, we can get if Cg is big enough, then at a 
maximum point {x,q) G Xg 

(4.21) > Ax^h{x) > 0. 

Hence we have a contradiction. Therefore Theorem 11.31 holds. □ 
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